Abstract. We prove that the number of S 4 -extensions of the rationals of given discriminant d is O(d 1/2+ǫ ) for all ǫ > 0. For a prime number C we derive that the number of octahedral modular forms of weight 1 and conductor C is bounded above by O(C 1/2 log(C) 2 ).
Introduction
For a number field k we denote by d k ∈ N the absolute value of the field discriminant of k. The class group will be denoted by Cl k and the p-rank rk p (A) of an abelian group A is defined to be the minimal number of generators of A/A p . We denote by N the absolute norm.
In this note we answer a question of Akshay Venkatesh about the number of S 4 -extensions of degree 4 with given discriminant d. It is conjectured that this number is O(d ǫ ) for all ǫ > 0. We prove the bound O(d 1/2+ǫ ) for all ǫ > 0. The discrepancy comes from weak bounds for the 3-rank of the classgroup of quadratic fields and the 2-rank of the classgroup of non-cyclic cubic fields. In the worst case we have to assume that there is a quadratic field k/Q such that 3 rk 3 (Cl k ) = O(d 1/2 k log(d k )). Using these unramified C 3 -extensions of k there are 3 r −1 3−1 non-cyclic cubic fields M of the same discriminant. In the worst case all these extensions have a large 2-rank, i.e. 2
2 ). Every unramified C 2 -extension leads to an S 4 -extension K of degree 4 of the same discriminant
3 ). This example can already be found in [Duk95, p. 101 ]. Helfgott and Venkatesh [HV04] and independently Pierce [Pie04] proved that for λ > 0, 44178 and all ǫ > 0 we get: 
Proof. The first part is Theorem 3.4 in [Ger76] . The second part is Theorem 3.5. The last part is an immediate consequence.
Assume that d is squarefree, i.e. the corresponding S 3 -extension L is unramified over k. What we said in the introduction and the first part of Theorem 1 already proves our wanted result. The reason is that if rk 3 (Cl k ) is big then rk 3 (Cl M ) is big as well. In this case we get that rk 2 (Cl M ) is small.
The main theorem
Let K/Q be a quartic field such that the normal closure N has Galois group S 4 . Then there is a unique normal subfield L of degree 6 having Galois group S 3 . We denote by M a subfield of L of degree 3 and by k the unique subfield of degree 2 of
e e e e e e For n ∈ N we define Rad(n) := p|n p, where the product is only taken over primes.
To each K/Q as above we associate a tuple
of squarefree numbers. In an analogous way we associate a tuple
to each S 3 -extension M (respectively L). Assuming p = 2, 3 we can compute the cycle shape of a generator of the cyclic inertia group at p in the degree 4 representation of S 4 . Here we denote by the cycle shape the length of the cycles if we decompose a group element into disjoint cycles. Using local theory we get for primes p > 3 the following identities, where v p denotes the ordinary p-valuation. The results are given in the following table:
The other cases cannot occur since in these cases the inertia group would not be cyclic. The cases p = 2 or p = 3 can be handled by analyzing the local Galois groups. Let S be a finite set of prime numbers. Then a S is the largest number dividing a which is coprime to S. Therefore we get for S = {2, 3}:
The contribution of the primes 2 and 3 is bounded by a constant factor. Therefore we ignore these primes in the following. The main question now is: How many fields K are associated to a given tuple (a, b, c)?
Now k is one of the following quadratic fields:
. Since three of them are ramified at 2, at most 3 quadratic fields are associated to a given a. The number of b's for a given field k can be easily bounded by the following lemma. In the following we denote by ω(b) the number of prime factors of b. Proof. We are looking for all fields which are at most ramified in primes dividing b. We need to choose a in such a way that all these fields are subfields of the ray class field of a. For primes p not dividing 3 it is sufficient that p | a. For the wildly ramified primes there exists a maximal exponent such that all these fields occur as subfields [Ser95, p. 58] of the ray class field of a. Using elementary properties of the ray class group Cl a we get that
For all prime ideals p not dividing 3 we get that the 3-rank of (O k /p) * is at most 1 which shows that rk 3 (O k /pO k ) ≤ 2. Equality can only occur in the case p ≡ 1 mod 3, where p ∈ P∩p. In this case there exists a Z 3 -extension of Q only ramified in p. Denote by A the 3-part of the ray class group Cl a . We can write A := A + ⊕A − , where the classes in A + are invariant under Gal(k/Q). Because a prime p ≡ 1 mod 3 increases the 3-rank of A + by one, we get that all odd primes increase the 3-rank of A − by at most one. The theory used in [KF03, Section 6] shows that S 3 -extensions correspond to quotients of index 3 of A − . Finally we need to estimate the 3-rank for O k /p w for primes dividing 3. In [HPP03] it is proved that the p-rank of (O k /p w ) * is at most [k p : Q p ] + 1. In all cases it is sufficient to add 2 since there is one Z 3 -extension of Q only ramified in 3.
We use the trivial class group bound which can be found in [Nar89, Theorem 4.4].
Lemma 2. For all n ∈ N there exists a constant c(n) such that for all number fields F of degree n we have:
Trivially, we have 3 rk3(Cl k ) ≤ | Cl k |. For a given S 3 -field M a similiar lemma as Lemma 1 can be proved. Proof. In [Bai80, Lemmata 4,5] it is proven that the Galois closure of M ( √ α) for α ∈ M has Galois group S 4 if and only if N (α) is a square. If N (α) is a square this certainly implies that the norm of the principal ideal (α) is a square. Therefore we get an upper bound if we count all extensions such that the conductor is a square. For a prime p = 3 we have at most three possibilities to produce squarefree ideals of norm p 2 . The 6 is computed in a similiar way as in Lemma 1 and gives an upper bound for the contribution of primes above 3.
Altogether we get the following upper bound for the number of S 4 -fields associated to a given tuple (a, b, c):
where r 1 = rk 3 (Cl k ) + ω(b) + 2, r 2 = rk 3 (Cl M ) + 3ω(c) + 6. Using Theorem 1 we get the following estimate for 3
Theorem 2. Let M, k be the fields defined before with d
. Therefore we get:
Using Lemma 2 and the fact that d
S differs from d M by something which can be bounded by a constant we get the desired bound. Now we can bound the number of fields associated to a tuple (a, b, c).
Theorem 3. The number of S 4 -fields associated to a tuple (a, b, c) is bounded by
Therefore for all ǫ > 0 the number of S 4 -fields with discriminant d can be bounded byc
Proof. The first statement follows from the preceding computation and Theorem 2. For the second statement we have to count how many tuples lead to the same discriminant d.
2 this can only happen if we move primes from b to c or vice versa. Given ω(bc) primes dividing bc there are 2 ω(bc) possibilities to partition these primes into two sets. The number of possibilities occurring for the primes 2 and 3 can be bounded by a constant. Using
for a given number x we get the desired result.
Remark 1. For squarefree discriminants d we can derive the better upper bound
To each S 4 -field we associate a Galois representation. Since S 4 is solvable we can associate a modular form of weight 1 to a given S 4 field. Using the local Galois groups we get for the prime to 2 and 3-part of the conductor:
We have the condition that p | b 1 if and only if the local Galois group is cyclic of order 3. For p > 3 this is equivalent to saying that p ≡ 1 mod 3 and p | b. To get good estimates for the number of octahedral forms with given conductor we have to avoid that b 1 is big. Using this we can derive the following corollary.
Corollary 1. Let C be a prime or assume that all primes which exactly divide C are congruent to 2 mod 3. Then the number of octahedral forms of weight 1 of conductor C is bounded above by O(C 1/2+ǫ ) for all ǫ > 0. In case C is a prime we get O(C 1/2 log(C) 2 ).
This improves the bound O(C 4/5+ǫ ) given in [MV02] . We remark that in the case that b 1 is big we only get the trivial linear bound using our method.
We can combine this result with well known results to get bounds for degree 4 fields. Proof. Using the theorem of Kronecker-Weber we easily get that the number of fields with Abelian Galois group is bounded by O ǫ (d ǫ ) for all ǫ > 0. Since D 4 -fields can be constructed by quadratic extensions over quadratic extensions and the 2-torsion part of the class group can be easily controlled, we get the same result for D 4 -extensions. For A 4 -extensions we use the same approach as in the S 4 -case. The main difference is that we have only one step where we have to consider class groups. This gives O ǫ (d 1/2+ǫ ) for the number of such extensions with given discriminant d. Using more advanced methods [MV02] this number can be reduced to O ǫ (d 1/3+ǫ ).
